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SEMI-NEGATIVITY OF HODGE BUNDLES ASSOCIATED TO DU BOIS
FAMILIES
ZSOLT PATAKFALVI
Abstract. In this note we show that the sheaf R1f∗OX is an anti-nef vector bundle (i.e., its dual
is nef), where f : X → Y is a family of Du Bois schemes of pure dimension.
1. INTRODUCTION
In this note we show that the sheaf R1f∗OX is an anti-nef vector bundle (i.e., its dual is
nef), where f : X → Y is a family of Du Bois schemes of pure dimension n. Note that by
[KK10], R1f∗OX is known to be a vector bundle, so our contribution is proving anti-nefness. This
statement is the generalization of the classical result stating that if f is smooth, then the Hodge
metric on R1f∗OX has semi-negative curvature [Gri70]. For the definition and properties of Du
Bois singularities we refer to [KS11b], and here we only note that they can be viewed as the largest
class of singularities where vanishing theorems hold [Kol95, 9.12, 12.7].
We should also point out that the semi-negativity of R1f∗OX in this case is related but not
equivalent to the widely investigated semi-positivity of Rn−1f∗ωX/Y (e.g., [FF12, Theorem 1.4]). In
fact, the semi-negativity of R1f∗OX is equivalent in this case to the semi-positivity of R
−1f∗ω
•
X/Y ,
which sheaf is not equal to Rn−1f∗ωX/Y simply because ω
•
X/Y is not isomorphic to ωX/Y [n].
Indeed, ωX/Y [n] is the −n-th cohomology sheaf of ω
•
X/Y , but in general ω
•
X/Y has many other
higher cohomology sheaves. (Recall that ωX/Y is the −n-th cohomology sheaf of ω
•
X/Y , as defined
in Section 1.1)
Theorem 1.1. If f : X → Y is a flat, projective family of connected, Du Bois schemes of pure
dimension n over C, then R1f∗OX is an anti-nef or equivalently R
1f∗ω
•
X/Y is a nef vector bundle.
Remark 1.2. One would be tempted to use directly the available semipositivity results for reducible
fiber spaces [FF12], [Kaw11] to prove Theorem 1.1. However, the author does not see a way of doing
it, due to certain assumptions on the strata and monodromies in [FF12] and [Kaw11]. Instead, we
use an injectivity theorem for Du Bois schemes.
The main ingredients in proving Theorem 1.1 are Theorem 1.3 and Corollary 1.4, which are
shown in Section 3. Note that Theorem 1.3 was shown in [Kol95, Thm 9.12] for normal schemes.
Though we believe the arguments of [Kol95, Thm 12.10] can be generalized to non-normal schemes,
for the convenience of the reader we include a different proof here.
Theorem 1.3. If X is a projective, Du Bois scheme, N > 0 an integer, L a line bundle on X,
such that LN is globally generated and F a general effective divisor of LN , then the natrual map
(1.3.a) H i(X,ω•X ⊗ L)→ H
i(X,ω•X ⊗ L(F ))
is injective.
For the next statement, recall that a sheaf F on an integral scheme Y is generically globally
generated, if global section of F generate the stalk of F at the generic point of Y .
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Corollary 1.4. Let f : X → Y be a flat, projective Du Bois family over a smooth projective curve,
y0 ∈ Y and N > 0 such that |NXy0 | is base-point free. Then for any i, R
if∗(ω
•
X/Y )⊗ωY ((N+1)y0)
is generically globally generated.
1.1. Notation
The base field is the field of complex numbers C. For a complex C• of sheaves, hi(C•) is the
i-th cohomology sheaf of C. For a projective morphism f : X → Y such that Y is of finite type
over C, ω•X/Y := f
!OY , where f
! is the functor obtained in [Har66, Corollary VII.3.4.a]. If f has
equidimensional fibers of dimension n, then ωX/Y := h
−n(ω•X/Y ). Every complex and morphism
of complexes is considered in the derived category D(qc/ ) of quasi-coherent sheaves up to the
equivalences defined there.
1.2. Acknowledgement
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2. THE PROOF OF SEMI-POSITIVITY
Since nefness is checked on curves, proving Theorem 1.1 for a curve base turns out to be the
main issue. This is proved in Proposition 2.1, assuming Corollary 1.4, which will be showed in
Section 3. We conclude this section with the (short) proof of Theorem 1.1 using Proposition 2.1.
Proposition 2.1. If f : X → Y is a flat, projective family of connected, Du Bois schemes of
pure dimension n over a smooth, projective curve, then R1f∗OX is an anti-nef or equivalently
R−1f∗ω
•
X/Y is a nef vector bundle.
We will prove Proposition 2.1 at the end of this section, after listing a few lemmas.
Lemma 2.2. If f : X → Y is a flat, projective family with Du Bois fibers, then (Rif∗OX)
∗ ∼=
R−if∗ω
•
X/Y .
Proof. By [KK10, Theorem 7.8], Rif∗OX is locally free. Hence the following computation concludes
our proof.
R−if∗ω
•
X/Y
∼= R−if∗RHomX(OX , ω
•
X/Y )
∼= R−iHomY (Rf∗OX ,OY )︸ ︷︷ ︸
Grothendieck duality
∼= (Rif∗OX)
∗︸ ︷︷ ︸
Rif∗OX is locally free, hence the
adequate spectral squence degener-
ates

Since ω•X/Y is the main object of Proposition 2.1 for fibrations X → Y that are not necessarily
Cohen-Macaulay, we need the following well-known technical lemma. For a proof we refer to either
[Nee96, Theorem 5.4] or [Har66, III, Prop 8.8]. The most important consequence is stated in
Lemma 2.4, a formula relating the relative and absolute dualizing complexes. It turns out that, at
least over Gorenstein bases, nothing surprising happens.
Lemma 2.3. If f : X → Y is a flat, projective morphism between projective schemes, then for
every C• ∈ D(X),
f !(C•) ∼= Lf∗(C•)⊗L f
!OY .
Lemma 2.4. If f : X → Y is a flat projective morphism between projective schemes with Goren-
stein base of pure dimension d, then
ω•X/Y ⊗ f
∗ωY [d] ∼= ω
•
X
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We need a third lemma as well about the behavior of relative dualizing complexes, for which we
introduce first some notation.
Notation 2.5. For a morphism f : X → Y of schemes, define
XmY := X ×Y X ×Y · · · ×Y X︸ ︷︷ ︸
m times
.
and fmY : X
m
Y → Y the base morphism. In most cases, when Y is obvious from the context, we
omit Y from our notation. We denote then the i-th projection morphisms Xm → X by pi.
Lemma 2.6. Using Notation 2.5, if f : X → Y is a flat projective morphism of projective schemes,
then
ω•Xm/Y
∼=
⊗
L
m
i=1Lp
∗
iω
•
X/Y .
Proof. The statement is vacuous for m = 1. For m > 1 we prove by induction. By the induction
hypothesis
(2.6.b) ω•Xm−1/Y
∼=
⊗
L
m−1
i=1 Lp
∗
iω
•
X/Y ,
where pi is the i-th projection X
m−1 → X. Let q : Xm → Xm−1 be the projection on the first
m− 1 factors. Then the following computation concludes our proof.
ω•Xm/Y
∼= Lq∗ω•Xm−1/Y ⊗L ω
•
Xm/Xm−1︸ ︷︷ ︸
Lemma 2.3
∼= Lq∗
(⊗
L
m−1
i=1 Lp
∗
iω
•
X/Y
)
⊗L ω
•
Xm/Xm−1︸ ︷︷ ︸
(2.6.b)
∼=
(⊗
L
m−1
i=1 Lp
∗
iω
•
X/Y
)
⊗L Lp
∗
nω
•
X/Y︸ ︷︷ ︸
Lq∗Lp∗i
∼= Lp∗i and flat base change [Har66, Theorem 8.7.5]
∼=
⊗
L
m
i=1Lp
∗
iω
•
X/Y .

Having finished the lemmas about the relative dualizing complex, we need two more auxiliary
statements used in the proof of Proposition 2.1.
Lemma 2.7. If F is a vector bundle on a smooth projective curve Y and L is a line bundle such
that for every m > 0, Sm(F)⊗ L is generically globally generated, then F is nef.
Proof. Take a finite cover τ : Z → Y by a smooth curve and a quotient line bundle E of τ∗F .
Since Sm(F) ⊗ L is generically globally generated, so is Sm(τ∗F) ⊗ τ∗L and hence Em ⊗ τ∗L as
well. Therefore m deg(E) + deg(τ∗L) ≥ 0 for all m > 0. In particular then deg(E) ≥ 0. Since this
is true for arbitrary τ and E , F is nef indeed. 
Proposition 2.8. If f : X → Y a flat projective morphism with connected fibers, such that Y has
rational singularities, then Rf∗ω
•
X/Y
∼= R≤−1f∗ω
•
X/Y ⊕R
0f∗ω
•
X/Y .
Proof. According to [Bha10, Theorem 4.1.3], the natural inclusion OY → Rf∗OX splits. Since
f∗OX ∼= OY by the connectedness and flatness assumptions, this means that Rf∗OX ∼= OY ⊕
R≥1f∗OX .
Rf∗ω
•
X/Y
∼= Rf∗RHomX(OX , ω
•
X/Y )
∼= RHomY (Rf∗OX ,OY )︸ ︷︷ ︸
Grothendieck duality
∼= RHomY (OY ⊕R
≥1f∗OX ,OY )
∼= RHomY (R
≥1f∗OX ,OY )⊕OY
Our proof is concluded by noting that R≥1f∗OX is supported in cohomological degrees greater than
0, and therefore RHomY (R
≥1f∗OX ,OY ) is supported in cohomological degrees less than 0. 
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Proof of Proposition 2.1. According to Lemma 2.2, we only have to prove that R−1f∗(ω
•
X/Y ) is
nef. Fix an integer m > 0 and consider the following stream of isomorphisms and surjections,
using Notation 2.5.
R−m(fm)∗(ω
•
Xm/Y )
∼= R−m(fm)∗
(⊗
L
m
i=1Lp
∗
i (ω
•
X/Y )
)
︸ ︷︷ ︸
Lemma 2.6
∼= h−m
(⊗
L
m
j=1Rf∗(ω
•
X/Y )
)
︸ ︷︷ ︸
Ku¨nneth formula
∼= h−m
(⊗
L
m
j=1
(
R≤−1f∗(ω
•
X/Y )⊕R
0f∗(ω
•
X/Y )
))
︸ ︷︷ ︸
Proposition 2.8
։ h−m
(⊗
L
m
j=1R
≤−1f∗(ω
•
X/Y )
)
∼=
m⊗
i=1
R−1f∗(ω
•
X/Y )︸ ︷︷ ︸
⊗
L is left derived, and
R−1f∗(ω
•
X/Y ) is the highest
non-zero cohomology sheaf of
R≤−1f∗(ω
•
X/Y )
։ Sm(R−1f∗(ω
•
X/Y ))
(2.8.c)
Fix any y0 ∈ Y andN ∈ Z, such that |Ny0| is base-point free. By Corollary 1.4, R
−m(fm)∗(ω
•
Xm/Y )⊗
ωY ((N + 1)y0) is generically globally generated. Hence by (2.8.c), So is S
m(R−1f∗(ω
•
X/Y )) ⊗
ωY ((N + 1)y0). Therefore, by Lemma 2.7, R
−1f∗(ω
•
X/Y ) is nef, which concludes our proof. 
Proof of Theorem 1.1. By Lemma 2.2, the statement on R1f∗OX and R
−1ω•X/Y is equivalent in-
deed. By [KK10, Theorem 7.8], R1f∗OX is combatible with arbitrary base-change. Furthermore,
since nefness is decided on curves, we may assume that Y is a smooth curve. However, then using
Lemma 2.2 again, Proposition 2.1 concludes our proof. 
3. INJECTIVITY AND SURJECTIVITY FOR DU BOIS SCHEMES
Here we prove Theorem 1.3 and Corollary 1.4.
Proof of Theorem 1.3. Consider a closed embedding of X into a smooth scheme Y , and let ρ : Z →
Y be an embedded log-resolution of (Y,X), which is isomorphism on Y \X. Set E := ρ−1(X)red
and pi := ρ|E . By [Sch07, Theorem 4.6], the natural homomorphism OX → Rpi∗OE is quasi-
isomorphism. This yields the following isomorphisms.
(3.0.d) Rpi∗ω
•
E
∼= Rpi∗RHomE(OE , ω
•
E)
∼= RHomX(Rpi∗OE , ω
•
X)︸ ︷︷ ︸
Grothendieck-duality
∼= ω•X︸︷︷︸
[Sch07, Theorem 4.6]
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(3.0.e) H i+dimE(E,ωE ⊗ pi
∗L) ∼= H i(E,ω•E ⊗ pi
∗L)︸ ︷︷ ︸
E Gorenstein, hence ω•
E
∼= ωE [dimE]
∼= H i(Y,Rpi∗(ω
•
E ⊗ pi
∗L))︸ ︷︷ ︸
Grothendieck spectral sequence
∼= H i(Y,Rpi∗(ω
•
E)⊗ L)︸ ︷︷ ︸
projection formula
∼= H i(ω•X ⊗ L)︸ ︷︷ ︸
(3.0.d)
Furthermore, by replacing L in (3.0.e) with L(F ), one obtains that
(3.0.f) H i+dimE(E,ωE ⊗ pi
∗L(F )) ∼= H i(ω•X ⊗ L(F )),
and (3.0.e) and (3.0.f) are compatible with the natural maps induced by L → L(F ). Hence, by
setting j = i+ dimE, it is enough to prove that the natural homomorphisms
(3.0.g) Hj(E,ωE ⊗ pi
∗L)→ Hj(E,ωE ⊗ pi
∗L(F ))
are injective for every j. Note at this point that since pi∗F is a general member of a base-point
free linear system, it does not contain any strata of E. In particular then [Fuj09, Theorem 2.38]
(setting X := E, D′ := 0, D := pi∗F , H be any divisor such that OE(H) ∼= pi
∗L, t := N , B := 0,
S := 0) implies the injectivity of (3.0.g). 
Remark 3.1. Theorem 1.3 also follows from the arguments of [Kol95, Theorem 9.12] using [KK10,
Corollary 7.7]. Unfortunately, [Kol95, Theorem 9.12] is stated for irreducible X, hence we included
a full proof of Theorem 1.3.
To prove Corollary 1.4, we need two more lemmas. The proof of the first one is well-known
exercise with exact triangles, hence we omit it.
Lemma 3.2. If X is a quasi-projective scheme and H an effective Cartier divisor on it, then there
is an adjunction exact triangle as follows.
ω•X
// ω•X(H)
// ω•H [1]
+1 //
Lemma 3.3. Let f : X → Y be a flat, projective Du Bois family over a smooth projective curve,
y0 ∈ Y , N > 0 such that |NXy0 | is base-point free and A ∈ |NXy0 | a generic element. Then for
any i and any y ∈ Y such that Xy ⊆ A, the natural map α in the following diagram is surjective.
(3.3.h)
H i(X,ω•X/Y ⊗ f
∗ωY ((N + 1)Xy0))
∼= H i(X,ω•X(A+Xy0)[−1])
//
α
,,❨❨❨❨❨
❨❨
❨❨
❨❨
❨❨
❨❨
❨❨
❨❨
❨❨
❨❨
❨❨
❨❨
❨❨
❨❨
H i(A,ω•A(Xy0))
∼= H i(A,ω•A)

H i(Xy, ω
•
Xy
),
Here the horizontal homomorphism is induced by the adjunction map ω•X(A)[−1]→ ω
•
A of Lemma 3.2.
Proof. The vertical arrow of (3.3.h) is surjective because Xy is a connected component of A.
Therefore, it is enough to prove that the horizontal arrow of (3.3.h) is surjective. However, then
equivalently we may also show that
(3.3.i) H i(X,ω•X(Xy0)[−1])→ H
i(X,ω•X(Xy0 +A)[−1])
is injective for all i. Note at this point that by [KS11a, Main Theorem], X itself is Du Bois. Hence,
(3.3.i) follows from Theorem 1.3. 
Proof of Corollary 1.4. For any y ∈ Y ,
(3.3.j) dimk(y)
(
Rif∗ω
•
X/Y ⊗ k(y)
)
= dimk(y)
(
R−if∗OX ⊗ k(y)
)︸ ︷︷ ︸
Lemma 2.2
= dimk(y)H
−i(Xy,OXy)︸ ︷︷ ︸
[KK10, Theorem 7.8]
= dimk(y)H
i(Xy , ω
•
Xy)︸ ︷︷ ︸
Grothendieck duality
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Consider then the following diagram for a generic closed point y ∈ Y .
(3.3.k)
H0(Y,Rif∗(ω
•
X/Y )⊗ ωY ((N + 1)y0))
β // Rif∗(ω
•
X/Y )⊗ ωY ((N + 1)y0)y
γ // H i(Xy, ω
•
Xy
)
H i(X,ω•X/Y ⊗ f
∗ωY ((N + 1)y0))
α
11 11❞❞❞❞❞❞❞❞❞❞❞❞❞❞❞❞❞❞❞❞❞❞❞❞❞❞❞❞❞❞❞❞❞❞❞❞❞❞❞❞❞❞❞❞❞
OO
The arrow α is surjective by Lemma 3.3, and by (3.3.j) the two ends of γ have the same dimensions
over C. Hence β also has to be surjective. This finishes our proof. 
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